We analytically compute, through the eight-and-a-half post-Newtonian order and the fourth-order in spin, the gravitational self-force correction to Detweiler's gauge invariant redshift function for a small mass in circular orbit around a Kerr black hole. Using the first law of mechanics for black hole binaries with spin [L. Blanchet, A. Buonanno and A. Le Tiec, Phys. Rev. D 87, 024030 (2013)] we transcribe our results into a knowledge of various spin-dependent couplings, as encoded within the spinning effective-one-body model of T. Damour and A. Nagar [Phys. Rev. D 90, 044018 (2014)]. We also compare our analytical results to the (corrected) numerical self-force results of A. G. Shah, J. L. Friedman and T. S. Keidl [Phys. Rev. D 86, 084059 (2012)], from which we show how to directly extract physically relevant spin-dependent couplings.
I. INTRODUCTION
The imminent prospect of detecting gravitational-wave signals emitted by inspiralling and coalescing binary systems gives a strong motivation for improving our analytical knowledge of the general relativistic dynamics of twobody systems. The effective one-body (EOB) formalism [1] [2] [3] [4] has established itself as the most accurate way of theoretically describing the dynamics of inspiralling and coalescing compact binary systems.
Recent years have witnessed a useful synergy between EOB theory and various other analytical-relativity approaches to the two-body problem, notably postNewtonian (PN) theory [5, 6] and gravitational self-force (GSF) theory [7, 8] . Several different flavors of GSF theory have been useful in this respect: numerical GSF computations, analytical GSF computations and, more recently, mixed numerical-analytical GSF computations In addition, numerical relativity simulations have also been of crucial importance for completing the current analytical knowledge in EOB theory [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] .
The aim of the present work is to extract new information about spin-dependent two-body 1 interactions (as encoded in the EOB Hamiltonian) from both analytical and numerical GSF computations of Detweiler's perturbed redshift function δU (m 2 Ω,â 2 ) [9] around a spinning (Kerr) black hole of mass m 2 and Kerr parameter a 2 = m 2â2 .
A formalism for computing the O(m 1 ) GSF correction to the redshift, δU (m 2 Ω,â 2 ) (where Ω denotes the orbital frequency of the small mass m 1 in circular orbit around a Kerr black hole of mass m 2 and spin S 2 = m 2 2â2 ) has been set up in Refs. [14, 17] . Our high PN order analytical calculations of δU , whose results we shall present 1 We denote the masses and the spins of the two-body system as m 1 , m 2 , S 1 = m 1 a 1 = m 2 1â 1 and S 2 = m 2 a 2 = m 2 2â 2 (using units where G = c = 1). We follow here the convention m 1 ≤ m 2 so that X 1 = below, have been based on the formalism of [14, 17] together with an extension of the techniques we have recently developed [19, 22] for efficiently computing the PN expansion of various gauge invariant GSF functions in the case where the small mass m 1 orbits a non-spinning black hole. While we were deriving our results we were informed by A. Shah [40] of the existence of parallel work by him and his collaborators leading also to high PN order computations of δU . Some of their results have been recently presented in various conferences [41, 42] while we were finalizing our calculations. There is a complete agreement between their current results and the more accurate (in PN order) and more complete (in order of expansion inâ 2 ) ones that we present below. Moreover, Ref. [17] has published numerical GSF data on the function δU (m 2 Ω,â 2 ) especially in the strong field domain.
[Actually, the published data were marred by a minor technical error, but A. Shah kindly provided us with a corrected version of the data of [17] ; see also [43] ]. We will show below how these numerical data can be used to complement the weak-field knowledge given by the PN expansion of δU (m 2 Ω,â 2 ) (to be discussed next) by giving access to some strong-field information.
A central tool allowing one to relate Detweiler's redshift function to the Hamiltonian of a two-body system is the so-called "first law of binary black hole mechanics" [44] [45] [46] . We shall show below how to use the first law of spinning binaries [45] to transcribe the information contained in the function δU (m 2 Ω,â 2 ) into a knowledge of the spin-dependent couplings as encoded within the spinning EOB formalism of Ref. [39] . More precisely, we shall show (generalizing Ref. [16] ) how to algebraically extract from δU the first order GSF corrections to two EOB potentials: (i) the radial equatorial potential A(r, m 1 , m 2 , S 1 , S 2 ); and (ii) the main ("S-type") spinorbit coupling potential G S (r, m 1 , m 2 , S 1 , S 2 ). [The firstorder GSF correction to the second ("S * -type") spinorbit coupling G S * (r, m 1 , m 2 , S 1 , S 2 ) has been recently extracted from other GSF computations in Refs. [24] .] The first law of binary black hole mechanics [44] [45] [46] allows one to relate Detweiler's redshift function to the Hamiltonian of a two-body system. In the circular case (to which we shall restrict ourselves here), the latter first law equates (to linear order in S 1 ) the redshift of particle 1,
to the partial derivative of the total (two-body) Hamiltonian (including the contribution of the rest masses, m 1 + m 2 ) with respect to (wrt) m 1 :
Note that the dynamical variables 2 r, P φ , S 1 , S 2 are kept fixed when differentiating wrt m 1 . [Here P i = (P r , P θ , P φ ) denote the canonical momenta of the relative position vector in the center of mass frame, so that P φ is the total orbital angular momentum of the system.]
In the following, we shall restrict ourselves to the case S 1 = 0. Eq. (2.2) then yields z 1 (or, equivalently, U = 1/z 1 ) as a function of dynamical variables: z 1 (r, P φ ). By contrast, GSF computations give access to the self-force correction δz 1 to z 1 (or, equivalently, δU = −δz 1 /z 2 1 ), considered as a function of the dimensionless frequency parameter
(and of the dimensionless spin parameterâ 2 = S 2 /m 2 2 ).
As Ω is the partial derivative of H wrt orbital angular momentum
the passage from the variable P φ to the variable Ω or, more completely, from the pair of variables (r, P φ ) to the pair of variables (e r , Ω), where
denotes the radial equation of motion (namely, e r = 0 along circular orbits), is conveniently associated with the following Legendre transform of the Hamiltonian (where the ellipsis denote m 2 and S 2 , or, equivalently, m 2 and a 2 )
.
(2.6)
Let us apply this Legendre transform to a two-body Hamiltonian of the form
, where we introduced the following rescaled (and dimensionless) angular momentum
It is then easily found that, along circular orbits (i.e., for e r = 0), and for a given value of the dimensionless frequency parameter (2.3), we have the simple link
2 For the considered circular, equatorial, parallel-spin case, where
In other words, the first-order GSF correction 3 (as function of m 2 Ω)
is simply numerically equal (along circular orbits) to (twice) the value of the O(m 2 1 ) contribution to the twobody Hamiltonian (as a function of the variables r, p φ , m 2 and S 2 ). This simple algebraic link (which does not involve any differentiation of H (m 2 1 ) ) generalizes to the spinning case the algebraic link between δz 1 and the O(ν) contribution to the EOB radial potential found in Ref. [16] .
In view of the usefulness of the EOB formalism for describing the interaction of two-body systems, we shall 3 For the redshift, z 1 or its inverse U = 1/z 1 , considered as functions of m 2 Ω, we denote the O(m 1 ) GSF correction (including its factor m 1 ) by a δ, so that, e.g.,
transcribe the simple link (2.9) in terms of the building blocks of the EOB Hamiltonian. We recall that the EOB Hamiltonian is first written as (with
11) where the effective Hamiltonian H eff has the general form (here considered for the equatorial circular dynamics of parallel-spin binary systems) [39, 47] 
Here L = P φ is the total orbital angular momentum of the system, S and S * are the following symmetric combinations of the two spins
c is the following (squared) "centrifugal radius"
with −3 (in the units G = c = 1 that we use). It will be convenient in the following to work with the following dimensionless versions of these functions
In the following, we shall restrict ourselves to the case where the spin S 1 vanishes. In that case, the dimensionless, µ-rescaled effective HamiltonianĤ eff ≡ H eff /µ readsĤ
where
In view of the form (2.11) of the EOB Hamiltonian, the link, Eq. (2.9), between the first-order GSF contribution δz 1 to the redshift and the m 1 -expansion of the Hamiltonian, shows that δz 1 only depends on the first-order GSF contribution toĤ eff , and therefore on the first-order contributions to A and G S . We parametrize the latter by decomposing A and G S as
where the consideration of the Hamiltonian of a nonspinning test-particle in a Kerr background (here conventionally taken of mass M = m 1 + m 2 , and Kerr parameter a 0 = a 1 + a 2 = a 2 ) determines the zeroth-order GSF potentials as (see Appendix)
On the other hand, the presence of a factor ν in the G S * contribution toĤ eff , Eq. (2.17), implies that δz 1 only depends on the zeroth-order GSF contribution to G S * . The latter is determined (as emphasized in [49] ) by the spin-orbit coupling of a spinning test-particle in a Kerr background. Following Refs. [47] , the latter is most simply determined by computing the geodetic spinprecession rate. When considering, as we do here, equatorial circular orbits the spin-precession only depends on the equatorial restriction (θ = π/2) of the metric, say ds
Separating the spin-orbit contribution linked to the metric functions A eq , r 2 c and B eq from the spin-spin interaction linked to ω eq (i.e., calculating simply the spin precession with ω eq = 0), yields
[Here, we are in the small massratio limit and we denoted, for simplicity, the large mass by M and the small one by µ. One could equivalently replace M by m 2 and µ by m 1 .] The explicit, relevant expression of G test−particle S * in a Kerr background is given in the Appendix.
Using the above results, and notations, we derive the following explicit algebraic link between the GSF correction δz 1 to the redshift and the GSF corrections δA, δG S to the two relevant EOB potentials:
In this result, which is valid only to order O(ν), z 1 and p φ can be replaced by their (circular) test-mass limits (computed in a Kerr background). The explicit expressions of z
Kerr 1
and p
Kerr φ (as functions of u andâ) are given by (see Appendix A)
To simplify the notation, we have denoted the dimensionless spin parameter entering the O(ν) corrections of Eq. 
and
The (dimensionless) first-order GSF contributions δA and δG S are, modulo a prefactor ν, functions of m 2 /r andâ 2 . As δA and δG S are O(ν) corrections, one can denote their arguments (as we did for νK) simply as u andâ.
The last step which is needed for computing the function δz 1 (y,â) in terms of the functions δA(u,â) and δG S (u,â) is to express the dimensionless gravitational potential u = m 2 /r + O(ν) as a function of the dimensionless parameter y, Eq. (2.3). At the zeroth-order in ν where this transformation is needed, this follows from the known Kepler law around a Kerr black -hole (of mass m 2 and spin S 2 ), which is (see also the Appendix)
where the function y ′ (y,â) is defined as
Eq. (2.22) is one of the main tools of the present paper. We will show in the following how to use it to extract both δA(u,â) and δG S (u,â) from the GSF calculation of δz 1 (y,â), thereby furthering our current knowledge of spin-dependent interactions in binary systems.
III. ANALYTICAL COMPUTATION OF THE SELF-FORCE CORRECTION TO THE REDSHIFT FUNCTION AROUND A KERR BLACK HOLE
Detweiler [9] has pointed out the potential importance of computing the (gauge-invariant) first-order GSF correction δU (Ω) to the redshift function dt ds 1 = U (Ω), associated with the sequence of circular orbits of an extreme mass-ratio binary system m 1 ≪ m 2 . He pioneered the computation (both numerical and analytical) of δU (Ω) in the case where the large-mass body is a Schwarzschild black hole. Many works have extended his results to higher accuracy, and have generalized the redshift function to other gauge-invariant functions [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] .
The generalization of the redshift function to the case where the large mass is a Kerr black hole poses significant technical challenges, which have been tackled in Refs. [14, 17] by using a radiation gauge together with a Hertz potential approach. Here we apply to the approach of Refs. [14, 17] the analytical techniques we have recently developed to compute the PN expansion of δU in the Schwarzschild case [19, 22] . The generalization of our analytical approach to the Kerr case is conceptually straightforward (in view of the work of Refs. [50, 51] ) but has necessitated quite a few new technical developments. We shall leave to future work a detailed explanation of the latter technical tools, and recall here only the basic conceptual aspects of our analytical approach, before giving our final results.
Computing the first-order GSF correction δU (m 2 Ω,â 2 ) to the redshift function
is equivalent to computing the regularized value, along the world line y µ 1 of the small mass m 1 , of the double contraction of the O(m 1 ) metric perturbation h µν
µν (x; m 2 ,â 2 ) is a Kerr metric of mass m 2 and spin S 2 ≡ m 2 2â 2 ] with the helical Killing vector
More precisely, the function
(computed in the mostly-plus signature) determines both
On the right-hand side (rhs) of these expressions z 1 denotes the zeroth-order redshift (computed for a test particle in Kerr), as given by the second Eq. (2.23).
In addition, the dimensionless gravitational potential u = m 2 /r 0 + O(ν) (where r 0 is the orbital radius) entering the latter expression must be expressed as a function of the dimensionless orbital frequency m 2 Ω by means of Eqs. (2.28), (2.29).
The regularization of h kk is effected by: (i) decomposing the PN-expanded h kk in its various (spin-2) spheroidal harmonics contributions ∝ 2 S lmω ; (ii) transforming (spin-2) spheroidal harmonics into (spin-2) spherical harmonics 2 Y lm (as an expansion in powers of aω = mâΩ); (iii) summing over the "magnetic" number m; and, finally, (iv) subtracting the l → ∞ limit of each (PN-expanded) multipolar contribution h
kk . We have checked that the regularized value of h kk (r 0 ) is independent of whether r → r + 0 or r → r − 0 . Our analytical results are obtained as a double expansion in powers of y (or, alternatively, of u = y ′ (y,â)) and in powers ofâ ≡â 2 . We have pushed the calculation up to y 9.5 included andâ 4 included. [Note that y 9.5 ∼ u 9.5 ∼ 
(3.6) is the Schwarzschild (non-spinning) result (which is known both numerically [18] and to a very high PN order [28, 29] ), and where the spin-dependent contributions read 
through the auxiliary function u(m 2 Ω,â 2 ) = y ′ (y,â). Because of the spin-dependence of the relation y ′ (y,â), the double expansion of h kk (y,â) in powers of y andâ would modify the expressions of the coefficients of the various powers ofâ in Eq. (3.7).
While we were finalizing our calculations, Shah presented, in various conferences [41, 42] 
where δU Schw (y) The analytical results recently presented by Shah are less accurate than ours (they stop at orderây 13/2 ,â 2 y 6 , a 3 y 13/2 andâ 4 y 6 , respectively), but agree with ours.
Several features of our results are to be noted:
1. The expansion of h kk or δU in spin has the struc-
where b =âu 3/2 (and where we omitted numerical coefficients in the various PN-correcting parenthe- 3. It was pointed out in [27, 53] that the first logarithmic terms in PN expansion (which are linked to the near-zone effect of tails [11, 12, 54] ) come accompanied by an Euler constant γ in the combination γ + ln(Ωr 0 /c). This "Eulerlog" rule is first violated at the 8PN level in nonspinning systems [23, 55] . By contrast, Eq. (3.11) shows that, in presence of spin, the Eulerlog rule is violated at the (earlier) 6.5PN level (i.e., in a term ∝âu 15/2 ). We shall discuss in future work that the origin of this behavior is linked to the boundary condition at (and the energy flux down) the horizon.
IV. ANALYTICAL COMPUTATION OF THE SELF-FORCE CORRECTIONS TO THE EOB SPIN-DEPENDENT POTENTIALS
In Eq. (2.22) we have exhibited the connection between δz 1 ≡ −z 2 1 δU and the GSF corrections δA, δG S to two of the EOB coupling functions. In order to extract from the single function of two variables δz 1 (y,â) the two separate functions of two variables δA(u,â), δG S (u,â), we need to normalize the latter functions by restricting their spin dependence. In the present paper, we use the DamourJaranowski-Schäfer gauge [56] where the circular limits of δA and δG S are similar to their (zeroth GSF order) Kerr counterparts in that they depend on u but not on p φ . As it is clear from Eq. (2.20), A Kerr (u,â) and G Kerr S (u,â) are even functions ofâ. It is then natural, and conventionally possible, to restrict theâ-dependence of δA(u,â) and δG S (u,â) by requiring that they are both even functions ofâ. It is also convenient to: (i) decompose δA(u,â) in its spin-independent piece A (0) 1SF (u) and a spin-dependent contributionâ 2 f A (u,â 2 ); and (ii) introduce some rescaled versions of f A and δG S .
Namely, we write
with the additional decomposition
The rescaling factors 3u 4 and − 
start as 1 + O(u).
We have truncated the latter decompositions in powers ofâ 2 to the O(â 4 ) level because we shall see below that the truncated expansions (4.2) allow one to parametrize the numerically known spin dependence of δU (y,â) even for large spins |â| ≤ 0.9. Evidently, the exact functions f The only terms among the above, high-accuracy, PN expansions that were known from standard PN compu-tations were the next-to-leading-order (NLO) corrections to δG 
V. NUMERICAL COMPUTATION OF THE SELF-FORCE CORRECTIONS TO THE EOB SPIN-DEPENDENT POTENTIALS
Shah, Friedman and Keidl [17] have numerically computed the values of the function δU (y ′ ,â) for a sample of radiir 0 ≡ r 0 /M ≡ 1/y ′ ≡ 1/u (between 4 and 100) and of dimensionless spin parametersâ (namely ± 0.9, ± 0.7, ± 0.5, 0.0). [Note that the data published in the latter reference were marred by a technical error; A. Shah kindly provided us with a corrected version of Table III in [17] ; see also Table IV in [43] .] For a sub-sample of the latter data, Shah et al. computed δU (y ′ ,â) for various values ofâ but for the same value of the inverse radius 6 . In view of the (assumed) even spin dependence of δA and δG S in Eq. (2.22), we can then extract the numerical values of δA(u, |â|) and δG S (u, |â|) by suitably projecting both sides of Eq. (2.22) (after multiplying them by appropriate, known Kerr factors). Explicitly we find
Here, both sides are to be evaluated at the same value of u = y ′ = u circ (y), the superscripts K denote taking a Kerr (-circular) value, and the superscripts "odd" or "even" denote the operation of taking, respectively, the odd or even part of a function ofâ, namely
The numerical values of the rescaled functions δG resc S (u, |â|) and f resc A (u, |â|) we found by applying the above projection formulas to the corrected data communicated by Shah are listed in Tables I and II below.
In Tables I and II one sees immediately that it is rather mild. We found that it is numerically accurate to use the truncated expansions (4.2) to fit the numerical data. [Note that these expansions include one more power ofâ 2 than the ones we could extract from our analytical results.] For each function δG Tables I and II, we can use  the three numerical results 
2 andâ 2 = (0.9) 2 to extract (by solving a linear system of three equations in three unknowns) the corresponding numerical values of the coefficient functions δG
(u) (with n = 0, 2 and 4). The numerical values we found for these coefficient functions are listed in Tables III and IV below. We did not propagate the numerical errors affecting δG resc S and f resc A to their corresponding coefficient functions δG The only function for which there are noticeable differences is f (2)resc A (u). The corresponding fractional errors (defined as FE(X) ≡ X theor /X num − 1) are displayed in Table V . It is then possible to improve the numerical/analytical agreement by adding some (effective) higher-order contributions to f
By fitting the numerical-minusanalytical difference we found the following estimate of the higher-order coefficients: c 1 = −24303.04 and c 2 = −11754.74. We have instead no analytical prediction for both δG , which would need an analytical knowledge of δU at higher orders inâ. On the other hand, we found that the data points for the rescaled quantity u −3 δG
can be easily fitted. For example, a quadratic fit of the form 262.1643u 2 + 0.2878u − 3.1256 shows a reasonable agreement with the existing data points. We refrained from similarly fitting for higher-order corrections to δG The data points for f (4)resc A are affected by large errors and a fit in this case does not seem meaningful.
Because of the need to have in hands numerical data with the same value of u and several pairs of opposite values ofâ, the numerical values of the various extracted EOB potentials in Tables III and IV were limited to the semi-strong-field region 0 < u ≤ 0.1. In order to gauge the validity of our analytical results for larger values of u, we compared the values of the redshift correction δU (u,â) predicted by inserting in the rhs of Eq. (2.22) our analytical PN-expanded results (3.11) to the (corrected) numerical data of Ref. [17] (using δz Table  VI  the  ratios  δU analytical /δU numerical − 1 for two different analytical predictions of δU : either the straightforward PN expansion (3.9) or its EOB-theoretical form (2.22) (in which we use the PN expansions of the functions δG 1SF (u) as given by model 14 in Ref. [18] ). For information, we indicate an estimate of the fractional numerical uncertainty on δU numerical communicated by Shah. Let us first note that the EOB version of our analytical estimate is systematically more accurate than the corresponding PN estimate. The analytical/numerical agreement is (as expected) excellent in the weak-field regime 7 (u ≪ 1) and stays rather good (especially for the EOB version) in the strong-field regime (see the u = with the numerical data).
We leave to future work a study of methods for improving the analytical/numerical agreement. In particular, we know from the arguments of Ref. [18] that δz 1 will blow up proportionally to 1/z 2 1 near the light ring (where z 1 → 0) or, equivalently, that δU will blow up proportionally to U 4 = 1/z 4 1 there. As explained in Ref. [18] , this blow up suggests that one should introduce in the concerned EOB potentials some p φ dependence. However, the introduction of such a p φ dependence will, in turn, modify the parity of the functional dependence on a of the concerned EOB potentials. [Indeed, we see on Eq. (2.23) that the circular value of p φ has no well-defined parity inâ.] Let us finally mention that, in order to achieve a more complete knowledge of f A and δG S in the strong-field domain, it would be necessary to have more numerical data on δU , with some suitably chosen sampling of the (u,â) plane. In particular, data for small values ofâ would be useful for controlling the strong-field behavior of δG 
VII. CONCLUSIONS
Let us summarize our main results:
We derived the very simple relation Eq. (2.9) between the GSF correction δz 1 to the redshift (considered as a function of the orbital frequency) and the O(m 2 1 ) contribution to the two-body Hamiltonian (considered as a function of phase space variables). The latter relation then implied the simple relation (2.22) between δz 1 and the O(ν) contributions to the EOB coupling functions A and G S .
We analytically computed the PN expansion of δz 1 (or, equivalently, δU = −δz 1 /z 2 1 ) up to order O(u 9.5 ) included and O(â 4 ) included. See Eqs. (3.11). We then converted the latter expansions (using Eq. (2.22)) into correspondingly accurate PN expansions of the O(ν) corrections δA, δG S to the EOB coupling function A, G S . The latter results represent drastic improvements in our knowledge of the spin-dependent interactions encoded within the EOB potentials A and G S .
Going beyond PN expansions (whose validity is a priori limited to the weak-field domain u ≪ 1), we showed how The data points for f (2) resc A , the theoretical PN prediction (dashed curve) and the fit f significantly increases 8 from its value 1 at large separations (u → 0) to values of order 5 at separations of order 8 Similarly to a corresponding increase of δA whenâ = 0 [18] , this increase is linked to the blow up of δG S at the light-ring. r 0 ≃ 10M (i.e. u ≃ 0.1). However, the LO rescaling factor used for δG S is negative, and equal to − 5 8 u 4 . This means that the GSF correction tends to diminish the value of the total spin-orbit coupling. This confirms what was found in the previous (less accurate) PN calculations [56] [57] [58] . Let us consider for simplicity theâ → 0 limit of G S and work with the Kerr-rescaled spin-orbit couplinĝ The inverse-resummed functionĜ S (u, ν, 0, 0) defined by inserting our result in the second equation (7. 2) (with ϕ 2 (u) = 1 and O(ν 2 ) → 0) is shown in Fig. 5 for ν = 0.25 and is compared to the calibrated result of [39, 60] . Note that our results predict a faster fall-off of G S in the strong-field domain. It will be interesting to explore the EOB application of this finding. 
Note that the equation 1 − 3y ′ + 2â 2 y ′3/2 = 0 (A20) defines the light-ring for co-rotating circular geodesics. 
and the dimensionless angular momentum p K φ . Indeed, the structure of the effective Hamiltonian (2.12) shows that Ω K SO = lim S1→0 ∂H eff /∂S 1 is (in the test-mass limit m 1 → 0 with S 1 /m 1 fixed) the sum of two contributions: a contribution ∝ G S * p φ and a contribution coming from the S 1 derivative of the orbital effective Hamiltonian A(µ 2 + L 2 /r 2 c ) [the latter being even in spins, and therefore notably containing relevant terms of the form ∼ S 1 (S 2 + S 
